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Abstract
We consider a scalar field with a kinetic term non-minimally coupled to gravity in an anisotropic
background. Various potentials for the scalar field are considered. By explicit examples, we show
that how the anisotropy can change the dynamics of the scalar field compared with the isotropic
background.
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I. INTRODUCTION
The recent analysis of Planck data showed some deviations from isotropy in the cosmic
microwave background [1]. It has been argued that such anomalies are generated by pri-
mordial anisotropy components of the space-time metric [2]. Regarding the last statement,
recently study of various cosmological model with a such broken rotational invariant have
been considered [2].
In this work, we study some implications of the primordial anisotropy for a model which is
described by the following action
S =
∫
d4x
√−g
[
R
2κ2
+
1
2
λ2Gµν∂µϕ∂νϕ− V (ϕ)
]
. (1)
Where κ2 = 8πG and Gµν is the Einstein’s tensor and λ is an inverse mass parameter.
Since metric with signature (−,+,+,+) will be used and for the de Sitter space we have
Gµν ∝ −gµν , we have chosen + sign for the second term. Thus the scalar filed in (1) has the
same dynamics as the scalar filed with minimally coupled to gravity in the de Sitter space.
The second term in (1) is one of the operators of the Horndeski’s scalar-tensor theory [3].
Thus, in our model we confront with second-order differential equations. Also the second
term is the cornerstone of ‘The New Higgs Inflation‘ [4], ‘UV-protected Inflation‘ [5] or
consider as a curvaton model in Ref. [6]. To see consequences of additional terms in (1),
such as the standard kinetic term minimally coupled to gravity, see [7] and references therein.
For the anisotropic background metric, following [2], we take Bianchi type I metric with the
following parametrization
ds2 = −N(t)2dt2 + e2α(t) [e−4σ(t)dx2 + e2σ(t)(dy2 + dz2)] , (2)
where N(t) is the Lapse function, eα and σ are the isotropic scale factor and the spatial
shear, respectively.
By using the ADM formalism, inserting the background metric in the action (1) results in
s =
1
2κ2
∫
d4xe3α(t)[
6
N(t)
(σ˙2 − α˙2)(1− λ
2κ2ϕ˙2
2N(t)2
)− 2κ2N(t)V (ϕ)]. (3)
By varying the above action with respect to N , σ, α and setting N = 1, we have
2
(α˙2 − σ˙2)(1− 3
2
λ2κ2ϕ˙2) =
κ2
3
V (ϕ), (4)
σ¨(1− λ
2κ2ϕ˙2
2
) + 3α˙σ˙(1− λ
2κ2ϕ˙2
2
) + σ˙
d
dt
(1− λ
2κ2ϕ˙2
2
) = 0, (5)
3(σ˙2 − α˙2)(1− λ
2κ2ϕ˙2
2
) + 6α˙2(1− λ
2κ2ϕ˙2
2
)
+ 2
d
dt
[
α˙(1− λ
2κ2ϕ˙2
2
)
]
= κ2V (ϕ). (6)
Also, varying with respect to ϕ yields
ϕ¨(α˙2 − σ˙2) + 3α˙ϕ˙(α˙2 − σ˙2) + ϕ˙ d
dt
(α˙2 − σ˙2) = − 1
3λ2
dV (ϕ)
dϕ
(7)
Note that only three of Eqs. (4)-(7) are independent.
II. SOME BASIC IMPLICATIONS
In Ref. [8] it has been shown that even without potential in the action, (1), the model
give some nontrivial results for the flat Friedmann-Robertson-Walker (FRW) metric. For
example one can regard the second term in (1) as an effective description of the dust matter.
In this section, we provide reasons to show that the interpretation of the second term is also
valid in the anisotropic background. Then we study the consequences of the cosmological
constant in the model.
A. pure dust matter
Recall that in the Einstein’s gravity, i.e. λ → 0 in (1), the dust matter is defined as a
pressureless matter and by definition the pure dust matter is an isotropic matter. Thus, if
our interpretation about the second term in (1) is correct, we must obtain the same result
with correct expression for the Hubble parameter.
Taking V (ϕ) = 0 in Eq. (5) yields
ϕ˙2λ2κ2 =
2
3
(8)
Therefore, Eqs. (6) and (7) take the following form
σ¨ = −3α˙σ˙, α¨ = −3
2
(α˙2 + σ˙2). (9)
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The above equations can be solved as
α˙ =
2
3t
, σ˙ = 0. (10)
Thus, by absorbing constants, the metric takes the following form
ds2 = −dt2 + t 43 (dx2 + dy2 + dz2). (11)
So, in this case the Universe behaves as the matter dominated Universe. The result shows
that one can regard the second term in (1) as a pure dust matter.
B. Implications of the cosmological constant
Observation of the cosmic microwave background and large scale structure are consistent
with an accelerated expansion phase at present time, which follows after the dust matter
dominated era [9]. The accelerated expansion phase can be explained by the cosmological
constant [9].
To study this case, we take V (ϕ) = Λ. After some algebra, one can eliminate ϕ˙ from Eqs.
(4), (5), (6). Then using dimensionless time variable, τ ≡
√
κ2Λt, the following autonomous
equations can be obtained
x′ = [−54(x2 − y2)3(x2 + y2) + 9(x2 − y2)(x4 + 3y4 − 4x2y2) + 3(x4 − 2y4 + x2y2)]/(x2 − y2)Ω ,
(12)
y′ = 9xy
[
1− 2(x2 − y2)− 12(x2 − y2)2] /Ω. (13)
Where the prime denotes derivative with respect to τ and we have defined the following
dimensionless variables
x ≡ α′, y ≡ σ′, Ω ≡ 36(x2 − y2)2 − 1. (14)
The fixed points of the autonomous system are obtained by setting the righthand side of
Eqs. (12) and (13) to be 0. It follows that the autonomous system has two fixed points.
One of them is anisotropic fixed point which is determined by
xaniso = 0, yaniso =
√
2
3
. (15)
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The stability matrix of the autonomous system around this fixed point is given by
M =


∂x′
∂x
∂x′
∂y
∂y′
∂x
∂y′
∂y


aniso
=
√
6

 0
−4
3
−3
5
0

 . (16)
So, it turns out that the eigenvalues of the stability matrix around the anisotropic fixed
point are +
√
24/5 and −
√
24/5. Since one of the eigenvalues is positive, it turns out that
the anisotropic fixed point is not stable. So, the Universe does not attract to this solution.
The other fixed point, which is the isotropic fixed point, is given by
xiso =
1√
3
, yiso = 0. (17)
The stability matrix around the isotropic fixed point can be obtained as
M =


∂x′
∂x
∂x′
∂y
∂y′
∂x
∂y′
∂y


iso
=
√
3

 −2 0
0 −1

 . (18)
So, the eigenvalues around of the isotropic fixed point are negative and the fixed point is
the attractor fixed point.
From the above results it turns out that with any initial condition for the Universe, eventually
any anisotropy will be decayed when the cosmological constant term is presented and finally
we have accelerated expansion.
III. MORE ON THE MODEL
In this section we will investigate dynamics of three type of potentials. For reasons that
will soon become clear, we will begin by V (ϕ) = M6/ϕ2. Then we study two type of poten-
tials which are widely use in cosmology, i.e. the quadratic and exponential potential.
Case V (ϕ) = M6/ϕ2: In order to gain some intuition that show how the primordial
anisotropic change the dynamics of the model, let us consider V (ϕ) = M6/ϕ2. For the
flat FRW background and with this potential , it has been shown that the scalar field is
condensed and this phase of the scalar field is the attractor solution [10]. Also this phase
results in the accelerating expansion for the Universe [10]. Since it is possible to find an
exact solution for this potential and then compare it with the exact solution in the flat FRW
background, we study it.
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Inspiring by the exact solution in the FRW background, let us seek the following solution
in the anisotropic background as
ϕ = M2t. α˙ =
1
ǫt
, σ˙ =
1
γt
(19)
Substituting the ansatz into Eq. (5) gives ǫ = 3. Note that since one can regard α˙ as
the Hubble expansion rate in the anisotropic background, this result indicates that we have
decelerating expansion phase. This result is completely different from the isotropic back-
ground case. Note that, the results follows from Eq. (5) which is absent in the isotropic
background.
From Eq. (4) we have
(
1
ǫ2
− 1
γ2
)(1− 3
2
λ2κ2M2) =
κ2
3
M2. (20)
Finally Eq. (7) is reduced to
(
1
ǫ2
− 1
γ2
) =
2
3λ2M2
. (21)
From Eqs. (20) and (21) we obtain
λ2κ2M4 = 1. (22)
Eqs. (20), (22), with ǫ = 3 yield
1
γ2
=
2
3
κ2M2 +
1
9
. (23)
The last result shows the large shear term relative to α˙. But from observation we know that
the ratio of σ˙/α˙ should be small. Thus, the results show that this potential is ruled out
when primordial anisotropy is presented.
The last but not least note about the stated potential is that, here, the condensed solution is
not an attractor solution. To show this point consider small perturbation δϕ as ϕ = M2t+δϕ.
Using Eq. (7) we have
δϕ¨− δϕ˙
t
− 3
t2
δϕ = 0. (24)
The above equation has power low solutions as δϕ ∝ t−1 and δϕ ∝ t3. Since the back-
ground solution is ϕ ∝ t, the solution is unstable which is another consequence of primor-
dial anisotropy for the model. Thus, this potential shows explicitly that how the primordial
anisotropy changes the dynamics of the scalar field.
To investigate other potentials, note that Eq. (5) can be integrated as
σ˙ =
1
(1− λ2κ2ϕ˙2
2
)e3α
. (25)
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The above equation shows that, for any potential, the dynamics of the system can be divided
into two regimes
• λκϕ˙ ≫ 1: For this case as the Universe is expanding, σ˙ ≈ 0. Thus, this regime is
almost similar to isotropy case which studied in other papers [4–7, 10].
• λκϕ˙ ≪ 1: From Eq. (25) it follows that σ˙e3α ≈ 1. We will focus on this regime. For
this regime, Eq. (4) takes the following form
(α˙2 − σ˙2) ≈ κ
2
3
V (ϕ). (26)
Therefore, for this regime, the field equation of motion for ϕ can be written as
ϕ¨+ 3α˙ϕ˙ ≈ − V
′(ϕ)
λ2κ2V (ϕ)
(27)
Case V (ϕ) =
1
2
m2ϕ2: For this case, Eqs. (26) and (27) give
(α˙2 − σ˙2) ≈κ
2
6
m2ϕ2, (28a)
ϕ¨ + 3α˙ϕ˙ ≈ −2
λ2κ2ϕ
. (28b)
By introducing a new variable ξ ≡ ϕ2 and using λκϕ˙ ≪ 1, the above equations take the
following form
(α˙2 − σ˙2) ≈κ
2
6
m2ξ, (29a)
ξ¨ + 3α˙ξ˙ ≈ −2
λ2κ2
. (29b)
To analyse the above system, firstly we will show that its dynamics is governed by small
values of ξ. To show this point consider the opposite side, i.e. m2ξ ≫ 1. So, in Eq. (29a)
one can neglect σ˙ compared with σ˙, that with Eq. (29b) results in
ξ¨ + 3
κm√
6
ξ
1
2 ξ˙ ≈ −2
λ2κ2
. (for m2ξ ≫ 1) (30)
Therefore
ξ˙ ≈ −2
λ2κ2
t− 2κm√
6
ξ
3
2 . (for m2ξ ≫ 1) (31)
Thus, ξ˙ < 0 that shows that even if an initial value for ξ be a large value, it is driven to a
small value.
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As for m2ξ ≪ 1, Eq. (29a) gives σ ≈ α, which shows the large value for primordial
anisotropic. This result and σ˙ ≈ e−3α with Eq. (29b) leads to
ξ¨ +
ξ˙
t
≈ −2
λ2κ2
. (for m2ξ ≪ 1) (32)
So, ξ˙ = −t/λ2κ2. Thus from Eq. (31) it follows that
α˙ =
1
3t
, σ˙ =
1
t
. (for m2ξ ≪ 1) (33)
The results show that the expansion of the universe is decelerating with large anisotropy
relative to the Hubble parameter, which is similar to V (ϕ) = M6/ϕ2.
Case V (ϕ) = V0e
−βϕ: Substituting this potential into Eqs. (26) and (27) results in
(α˙2 − σ˙2) ≈κ
2
3
V0e
−βϕ, (34a)
ϕ¨+ 3α˙ϕ˙ ≈ β
λ2κ2
. (34b)
Using the following definition
β2
4λ2κ2
ψ2 ≡ V0e−βϕ, (35)
Eqs. (34a) and (34b) take the following form
(α˙2 − σ˙2) ≈ β
2
4λ2κ2
ψ2, (36a)
ψ¨ + 3α˙ψ˙ ≈ β
2
2λ2κ2
ψ. (36b)
Where λ2κ2ϕ˙2 ∼ λ2κ2 ψ˙
2
ψ2
has been neglected.
Eq. (36b) can be solved by the WKB approximation as
ψ ≈ exp(−3
2
α)(C cos(
β√
2λκ
t) +D sin(
β√
2λκ
t)), (37)
where C,D are constant.
So, from Eqs. (36a), (37) and σ˙e3α ≈ 1, it follows that
α˙2 ≈ e−6α + β
2
4λ2κ2
e−3α(C cos(
β√
2λκ
t) +D sin(
β√
2λκ
t))2. (38)
Numerical solution for the above equation is presented in Fig. 1.
To obtain an analytic expression, we will use the averaging method, which is widely use in
study of nonlinear differential equations [11]. To use the method, note that the righthand
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FIG. 1. α as a function of time for of the exponential potential. Solid line represents the numerical
solution for Eq. (38). Dashed line shows the result of the analytic expression of Eq. (40). The
parameters are C = 1, D = 2, β =
√
2λκ and with initial value α(0.1) = 1.
side of Eq. (38) is 2π
√
2λκ/β-periodic in t. In the method of averaging, Eq. (38) is replaced
by an averaged expressions when we keep e−α fixed, that results in
α˙2 ≈ e−6α + (C2 +D2) β
2
8λ2κ2
e−3α. (39)
The above equation can be solved as
e3α = (C2 +D2)
9β2
32λ2κ2
(t+ t0)
2 − 8λ
2κ2
(C2 +D2)β2
, (40)
where t0 is a constant. As is shown in Fig. 1, the above expression is very good agrement
with the numerical solution for Eq. (38), which indicates the power of averaging method for
this case.
Thus, the exponential potential results in a universe in which the scale factor, a ≡ eα, scales
as a ∝ t 23 , i.e. the dust matter dominated universe but with the shear which behaves as
σ˙ ∝ t−2.
IV. SUMMARY
In this paper, we have extended the previous works on the model, (1), to the anisotropic
background.
We have shown that, similar to the FRW background, one can regard the second term in
(1) as the effective description of the dust matter. Although with the cosmological constant
9
term we have the anisotropic fixed point as a new feature, but the fixed point is not stable.
We have found that how for V (ϕ) = M6/ϕ2 the dynamics of the scalar field can be changed
dramatically, compared with FRW background. But due to the large value of shear term
with respect to the Hubble parameter, this potential can be ruled out.
We have demonstrated that the exponential potential results in the matter dominated uni-
verse with the small shear term relative to the Hubble parameter. Thus, if the future
data will be agreement with [1], it is reasonable to consider it as toy model for the matter
dominated era of the Universe.
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